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1. Introduction

A highly important statistical inference problem often faced by model builders and empirical researchers in economics is model
selection. Many penalty-based information criteria have been proposed to select from a set of candidate models. In the frequentist
statistical framework, perhaps the most popular information criterion is the Akaike’s Information Criterion (AIC) introduced by
Akaike (1973). It balances the model fit and complexity by penalizing the number of parameters and is concerned with how
the observed data predict the replicated data. AIC is computationally efficient, requiring only a single model fit, and it does not
necessitate splitting the data, allowing the use of the entire dataset to estimate the model, leading to more stable parameter estimates.
Compared to cross-validation, which involves repeatedly splitting the data and refitting the model, AIC is less computationally
intensive and particularly advantageous when getting access to a separate test set is expensive. Importantly, AIC is asymptotically
equivalent to leave-one-out cross-validation (LOOCV) under the assumption of independent and identically distributed (i.i.d.)
observations, as demonstrated by Stone (1977). Additionally, Inoue and Kilian (2006) showed that minimizing AIC is equivalent
to minimizing the out-of-sample one-step forecast mean squared error (MSE) for time series models under suitable conditions. This
property makes AIC an attractive criterion for selecting models for forecasting.

Arguably one of the most important developments for model selection in the Bayesian literature in the last twenty years is the
deviance information criterion (DIC) of Spiegelhalter et al. (2002).! DIC is understood as a Bayesian version of AIC (Spiegelhalter
et al., 2002; Claeskens and Hjort, 2008). Like AIC, it also trades off a measure of model adequacy against a measure of complexity.
However, unlike AIC, DIC takes prior information into account.

DIC is constructed based on the posterior mean of the log-likelihood or the deviance and has several desirable features. First, DIC
is easy to calculate when the likelihood function is available in closed-form, and the posterior distributions of models are obtained
by Markov chain Monte Carlo (MCMC) simulation. Second, it applies to a wide range of statistical models. Third, unlike Bayes
factors (BF), it is not subject to Jeffreys-Lindley-Barlett’s paradox and can be calculated when vague or even improper priors are
used.

However, as acknowledged in Spiegelhalter et al. (2002, 2014), the decision-theoretic justification of DIC is not rigorous in the
literature. In fact, in justification given by Spiegelhalter et al. (2002) is heuristic. This point is also acknowledged in Claeskens and
Hjort (2008). The first contribution of the present paper is to provide a rigorous decision-theoretic justification to DIC purely in a
frequentist setup. It can be shown that DIC is an asymptotically unbiased estimator of the expected Kullback-Leibler (KL) divergence
between the data generating process (DGP) and the plug-in predictive distribution when the posterior mean is used. This justification
is similar to how AIC has been justified. The second contribution of the present paper is to develop high-order expansions to DIC and
the effective number of parameters that allow us to easily see the effect of the prior on DIC and the effective number of parameters.

The rest of the paper is organized as follows. Section 2 explains how to treat the model selection as a decision problem and
provides a rigorous decision-theoretic justification to DIC of Spiegelhalter et al. (2002) under a set of regularity conditions. In
Section 3, we give two examples to illustrate the effect of the prior distribution on DIC in finite samples. In Section 4, we apply
DIC to compare alternative discrete-choice models, alternative stochastic frontier models and alternative copula models. Section 5
concludes the paper. In the Appendix A, Theorem 2.1 is proved and the expressions for the high order terms in Lemma 2.2 are
given. The online supplement collects the proof of the lemmas in the paper.>

2. Decision-theoretic justification of DIC

There are essentially two strands of literature on model selection.® The first strand aims to answer the following question — which
model best explains the observed data? The BF (Kass and Raftery, 1995) and its variations belong to this strand. They compare models
by examining “posterior probabilities” given the observed data and search for the “true” model. BIC is a large sample approximation
to BF, although it is based on the maximum likelihood estimator. The second strand aims to answer the following question: Which
model gives the best predictions of future observations generated by the same mechanism that gives the observed data? Clearly,
this is a utility-based approach where the utility is set as prediction. Ideally, we would like to choose the model that gives the
best overall predictions of future values. Some cross-validation-based criteria have been developed where the original sample is
split into a training set and a validation set (Vehtari and Lampinen, 2002; Zhang and Yang, 2015). Unfortunately, different ways
of sample splitting often lead to different outcomes. Alternatively, based on replication data generated by the exact mechanism
that gives the observed data, some predictive information criteria have been proposed for model selection. They minimize a loss
function associated with the predictive decisions. AIC and DIC are two well-known criteria in this framework. After the decision is
made about which model should be used for prediction and how predictions should be made, a unique prediction action for future
values can be obtained to fulfill the original goal. The latter approach is what we follow in the present paper. Given the relevance
of prediction in practice, not surprisingly, such an approach to model selection has been widely used in applications.

1 According to Spiegelhalter et al. (2014), Spiegelhalter et al. (2002) was the third most cited paper in international mathematical sciences between 1998
and 2008. Up to March 2025, it has received 15320 citations on Google Scholar.

2 Throughout the paper, we use :=, tr, vec, ®, o(l), 0,(1), 0,(1), 2 to denote definitional equality, trace, vector operator that converts the matrix into a
column vector, Kronecker product, tending to zero, tending to zero in probability, bounded in probability, convergence in probability, respectively. Moreover,
we use 0, 5,7, 3,,, 6" to denote a generic estimator, the posterior mean, the quasi maximum likelihood (QML) estimator, and the pseudo true parameter of 6,
respectively.

3 For more information about the literature, see Vehtari and Ojanen (2012) and Burnham and Anderson (2002).
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2.1. Predictive model selection as a decision problem

Assuming that the probabilistic behavior of observed data, y = (y,,,,...,¥,) €Y, is described by a set of probabilistic models
such as {M,(},':=1 ={p (yltS’k,Mk)},l;l where n is the sample size, 8, (without confusion, we simply write it as 6) is the set of
parameters in candidate model M, and p(-) is a probability density function (pdf). Formally, the model selection problem can be
taken as a decision problem to select a model among {M k},’; | Where the action space has K elements, namely, {dk}kK=l, where d;
means M, is selected.

For the decision problem, a loss function, #(y, d;), which measures the loss of decision d; as a function of y, must be specified.
Given the loss function, the expected loss (or risk) can be defined as (Berger, 1985)

Risk(dy) = E, [¢(y.dy)] = / £(y, d)g)dy,
where g(y) is the pdf of the DGP of y. Hence, the model selection problem is equivalent to optimizing the statistical decision,

k* = arg mkin Risk(d,).

Based on the set of candidate models { M, k}le, the model M. with the decision d. is selected.

Let ¥,0p = (Vi peps -+ Yurep) De the hypothetically replicate data, independently generated by the exact mechanism that gives y.
Assume the sample size in y,,, is the same as that in y (i.e. n). Consider the predictive density of this replicate experiment for a
candidate model M,. The plug-in predictive density can be expressed as p (y,,,!0,(y). My ) for M, where 8,(y) is an estimate of 6
based on y (when there is no confusion we simply write 6,(y) as 6,).

The quantity that has been used to measure the quality of the candidate model in terms of its ability to make predictions is the
KL divergence between g (y,,,) and p (yreplé,,(y), M) multiplied by 2,

- g Yre
2XKL [g (yrep) »P (Yreplen(Y)’Mk)] = 2/1[1 ( P) ) g (yrep) dyrep'

p (Yreplén(y)s Mk

Naturally, the loss function associated with decision d, is

~ g yre
f(y’dk)=2XKL [g (Yrep)’p(yreplen(y)’ Mk)] =2/ln ( p) )g(yrep) dYrep'

4 (Yreplén(y)a Mk

As a result, the model selection problem is,

k" = argmin Risk(dy) = argmin Ey [£(y, dy)]
= a_rgmkin {EyEym,, [2 Ing (y,cp)] + EyEym [—2 Inp (yrel,lén(y), Mk)] } .

Since g (y,e[,) is the DGP, Ey., [2 Ing (yrep)] is the same across all candidate models, and hence, is dropped from the above equation.
Consequently,

k* = arg mkin Risk(d;) = arg mkin E, Eyrep [—2 Inp (yrep|én(y), Mk)] .
The smaller Risk(d,) is, the better the candidate model performs when using p (y,.,!0,(y). M;) to predict g (y,,,). The optimal
decision makes it necessary to evaluate the risk.
2.2. AIC for predictive model selection
When there is no confusion, we simply write a generic candidate model p (y|9, M k) as p(y|0) where 6 € ® C R” (i.e. the
dimension of 6 is P). When the candidate model is different, the value of P may be different. Define AIC by
AIC=—2Inp (y|§n(y)) +2P,
where 6,(y) is the QML estimate from y defined by
0,(y) = argmaxinp (y16, My),

which is the global maximum interior to 6.
Under a set of regularity conditions, it is well known (e.g. Burnham and Anderson (2002)) that AIC is an asymptotically unbiased
estimator of EyEyw [—2 Inp (yreplan(y)’ Mk)], that is, as n — oo,

Ey(AIQ) - EyEy (<21 (3,6,0,) ) = 0.

The decision-theoretic justification of AIC rests on a frequentist framework. Specifically, it requires a careful choice of the KL
divergence, the use of QML, and a set of regularity conditions that ensure \/Z -consistency and the asymptotic normality of QML.
The penalty term in AIC arises from two sources. First, the pseudo true parameter value has to be estimated. Second, the estimate
obtained from the observed data is not the same as that from the replicate data. Moreover, as pointed out in Burnham and Anderson
(2002), the justification of AIC requires the candidate model to be a “good approximation” to the DGP.
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2.3. DIC

Spiegelhalter et al. (2002) propose DIC for Bayesian model selection. The criterion is based on the deviance
D(6)=-2Inp(yl0),
and takes the form of
DIC =D () + Pp. e))
The first term, interpreted as a Bayesian measure of model fit, is defined as the posterior mean of the deviance, that is,
D(8) = EgyD(8) = Egyy [-2Inp(y16)] .

The better the model fits the data, the larger the log-likelihood value, and hence, the smaller the value for D (0). The second term,
used to measure the model complexity and also known as the “effective number of parameters”, is defined as the difference between
the posterior mean of the deviance and the deviance evaluated at the posterior mean of the parameters:

Py =D@ -0 (8,0) =2 [ [1npv16)~ 1y (318,0)) | p 61y do. @

!vhere En(y) is the posterior mean of 6 based on y, defined by f Op (0]y) d6. When there is no confusion, we simply write 5,,(y) as
0,.

n
DIC can be rewritten in two equivalent forms:

DIC = D (5,,) +2P), ®3)
and
DIC = 2D (§) — D(én) = —4Eq, lnp(y|0)+21np<y|5n>. “)

DIC defined in Eq. (3) bears similarity to AIC of Akaike (1973) and can be interpreted as a classical “plug-in” measure of fit
plus a measure of complexity (i.e. 2Pp, also known as the penalty term or the “optimism” in the model selection literature). In Eq.
(1) the Bayesian measure, D (), is the same as D (5,,) + Pp that already includes P, as a penalty for model complexity and, thus,
could be better thought of as a measure of model adequacy rather than pure goodness of fit.

Remark 2.1. Unlike AIC that is based on the log-likelihood function (or deviance) with the quasi maximum likelihood (QML)
estimate plugged in, DIC is based on the deviance with the posterior mean plugged in. The detachment of DIC from QML is important
when candidate models are difficult to estimate by QML. In this case, applied researchers may prefer Bayesian estimation methods
over QML. In Bayesian statistics, the recent development of Markov chain Monte Carlo (MCMC) methods has been a key step in
making it possible to estimate large hierarchical models, which are hard to estimate by QML, making QML-based model comparison
criteria hard to implement. Although the posterior mean may be equivalent to the QML estimate in the limit, they are different in
finite samples.

However, as stated explicitly in Spiegelhalter et al. (2002) (Section 7.3 on Page 603 and the first paragraph on Page 605), the
justification of DIC is informal and heuristic. It mixes a frequentist setup and a Bayesian setup. In the next subsection, we provide a
rigorous decision-theoretic justification of DIC purely in a frequentist setup. Specifically, we show that when a proper loss function
is selected, DIC is an unbiased estimator of the expected loss asymptotically.

2.4. Decision-theoretic justification of DIC

When developing DIC, Spiegelhalter et al. (2002) assumes that there is a true distribution for y in Section 2.2, a pseudo-true
parameter value 6% for a candidate model also in Section 2.2, an independent replicate data set y,,, in Section 7.1. All these
assumptions are identical to what has been done to justify AIC. Furthermore, as explained in Section 7.1 of Spiegelhalter et al.
(2002), the goal for model selection is to estimate the expected loss where the expectation is taken with respect to y,,,|6%. The
assumptions and the goal indicate that a frequentist framework was considered. On the other hand, since the “optimism” associated
with the natural estimator depends on a pseudo true parameter value 67, instead of replacing it with a frequentist estimator and then
finding the asymptotic property of the “optimism”, Spiegelhalter et al. (2002), in Sections 7.1 and 7.3, replace 67 with a random
quantity 0 and then calculate the posterior mean of the “optimism”. As a result, a Bayesian framework is adopted when studying
the behavior of “optimism”.

Spiegelhalter et al. (2002) do not explicitly specify the KL divergence function. However, from Eq. (33) on Page 602, the loss
function defined in the first paragraph on Page 603, and Eq. (40) on Page 603, one may deduce that the following KL divergence

P (¥rep10)

KL [p (Yrepl0) - (y’e"léﬂ(y))] = Bl 1 p (yrep|5n(y))

G
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was used.* Hence,

2% KL [0 (36p10) . (3,6, 0,)) | = 2B, 10 (10 (3,10)) + Ey 10 (=210 (¥1ep 18,9 ) ®)

With this KL function, unfortunately, the first term in the right hand side of Eq. (6) is no longer a constant across candidate models.
This is because, when the pseudo-true value is replaced by a random quantity 0, the first term in the right hand side of Eq. (6) is
model dependent. This deficiency suggests another KL divergence function is needed.

As in AIC, we first consider the plug-in predictive distribution p (Yrepla,,(y)> in the following KL divergence

g (Yrep)

KL [g (yrep) (Yreple (y))] yrep IDW .

The corresponding expected loss function of a statistical decision d, is

& (¥rep)

Risk(d) = E,{E, [2In ———"
p (Yrep|9n(}’), Mk)

Yrep

= EyE,_ [2Ing ()] + Ey By, [—2 Inp (y,ep|5,,(y), M, )] .

Once again, since EyEy,g,, [2 Ing (y,e,,)] is the same across candidate models, minimizing the expected loss function Risk(d,) is
equivalent to minimizing

Ey Eyrep [_2 In p (yrep |§n(Y)a Mk)] .

Denote the selected model by M,.. Then p (y,eplén(y), Mk*) is used to generate future observations where 6,(y) is the posterior
mean of 6 in M.

We are now in the position to provide a rigorous decision-theoretic justification to DIC in a frequentist framework based
on a set of regularity conditions. To do so, let us first fix some notations. Let y' = (yy,»;,...,¥;) for any 0 < ¢t < n and
I, (y'.6) = Inp(y'|6) — Inp(y'~'|0) be the conditional log-likelihood for the rth observation for any 1 < ¢ < n. When there is
no confusion, we suppress /, (y’,B) as /,(0) so that the log-likelihood function Inp(y|6) is Z:’=l 1,(0).5 Let V/I,(0) denote the jth
derivative of /, (0) and V//, (0) = I, (6) when j = 0. Furthermore, define

ol 0) 0%1 0)
s(y'.0) = 2 y' sz 0, h(y.0) = zgag/l ZV2I 0,

s,(e):vz,(e):s(y,e)-s(y’ ,6), h,(0)=V*,(0)=h (y’,e)-h(y’ ),

1 < 1 %
B, (6) = Var [7 ZVI, ©|.H,0= Zh, ),

J, 0= Z [s: ©) -5(0)] [s,(0) —5(0)]' Z 5, (0),

t—l
L,© =Inp(®ly), LY () = ¢/ Inp(Bly) /06",
H, (0) = / 1,05 (y)dy. J,(0) = / 5, ©)g () dy.

In this paper, we impose the following regularity conditions.

Assumption 1. @ c R” is compact.

—2r
Assumption 2. { y,}:’i1 satisfies the strong mixing condition with the mixing coefficient a (m) = O (mﬁ’g) for some £ > 0 and
r>2.

Assumption 3. For all 1, /, (0) satisfies the standard measurability and continuity condition, and the eight-times differentiability
condition on @ almost surely.

4 In Eq. (33) of Spiegelhalter et al. (2002), the expectation is taken with respect to Y,p|6" which corresponds to the candidate model. In AIC, the expectation
is taken with respect to y,,, which corresponds to the DGP.

5 In the definition of log-likelihood, we ignore the initial condition Inp(y,). For weakly dependent data, the impact of ignoring the initial condition is
asymptotically negligible.
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Assumption 4. For j =0, 1,2, for any 9,6’ € 0, |

Vi, ) -1, () H < ctj (¥') |6 - €|, where c{ (y") is a positive random variable
with sup, E Hc{ (y’)” < o0 and

% g(d (y)-E (Ctj (y’))) Zo.

Assumption 5. For j = 0,1,2,...,8, there exist M,(y'), M < o0, 6 > 6, and r > 2 such that for all & € 0, /I, (0) exists,
supgeo |V71, 0| < M, ("), sup, E ||M,(y’)||r+'S < M. Moreover, for j = 2, there exist a positive random variable a(y"), a finite
constant @ < oo, § > 6, and r > 2 such that for all & € @, VI, (0) exists, infyeg ||H, O] = a(y"), Ellay|"™™® > « and

Supgeg E [HI:I;I (9)”8] < 0. i

Assumption 6. {\//],(0)} is L,-near epoch dependent on {y, } -

, of size 1 for j = 0, Lg-strong near epoch dependent on { yf}:;
of size —1 for j =1, L,-strong near epoch dependent on { y,}zl of size —1 for j =2 uniformly on O.

Assumption 7. Let 6 be the pseudo-true value that minimizes the KL loss between the DGP and the candidate model

1 g(y)
| 2
o7 =wagiy, [ Eg ey

where {Bﬁ} is the sequence of minimizers that are interior to @ uniformly in n. For all € > 0,

limsup sup  + Y AE[L,®)]-E[l, (7)]} <0, @)
n—oo @\N(GI,:,E) n =

where N (67,¢) is the open ball of radius & around 67.

Assumption 8. The sequence {H, (67)} is negative definite and {B, (6”)} is positive definite, both uniformly in .
Assumption 9. H, (6”) + B, (67) = o(1).

Assumption 10. The prior density p () is eight-times continuously differentiable, p (6”) > 0 uniformly in n. Moreover, there exists
an n* such that, for any n > n*, the posterior distribution p (|y) is proper, [ 16117 p (B]y) dO < oo.

Remark 2.2. Assumption 1 is the compactness condition. Assumptions 2 and 6 imply weak dependence in y, and /,. The first
part of Assumption 3 is the continuity condition. Assumption 4 is the Lipschitz condition for /; first introduced in Andrews (1987)
to develop the uniform law of large numbers for dependent and heterogeneous stochastic processes. Assumption 5 contains the
domination condition for /,. Assumption 7 is the identification condition. These assumptions are well-known primitive conditions
for developing the QML theory, namely consistency and asymptotic normality, for dependent and heterogeneous data; see, for
example, Gallant and White (1988) and Wooldridge (1994).

Remark 2.3. The eight-times differentiability condition in Assumption 3 and the domination condition for up to the eighth
derivative of /, are important to develop a high order stochastic Laplace approximation. In particular, as shown in Kass et al.
(1990), these two conditions, together with the well-known consistency condition for QML given by Eq. (8) below, are sufficient
for developing the Laplace approximation. This consistency condition requires that, for any € > 0, there exists K (¢) > 0 such that

n
lim P( sup 1 X [L©)-1,(67)] < =K, (e)> =1 ®
n—eo O\N(0h.¢) 121

Our Assumption 7 is clearly more primitive than the consistency condition (8). In the following lemma, we show that Assumptions
1-7, including the identification condition (7), are sufficient to ensure (8) as well as the concentration condition around the
posterior mode given by Chen (1985). Together with Assumption 10, the concentration condition suggests that the stochastic
Laplace approximation can be applied to the posterior distribution, and the asymptotic normality of the posterior distribution can
be established. To the best of our knowledge, this is the first time in the literature that primitive conditions have been proposed for
the stochastic Laplace approximation. Assumption 10 ensures the second moment of the posterior is bounded. Moreover, it implies
that the prior is negligible asymptotically.



Y. Li et al. Journal of Econometrics xxx (Xxxx) XXX

Lemma 2.1. If Assumptions 1-7 hold, then Eq. (8) holds. Furthermore, if Assumptions 1-7 hold, for any ¢ > 0, there exists K, (¢) > 0
such that

lim P|  sup ,1-1 [Zl, -1 (e{;)] <-K(|=1 ©
t=1 t=1

" |ow(one)

Let 8, = argmaxgeg Y11 (0) + Inp(6) be the posterior mode. If, in addition, Assumption 10 holds, then, for any & > 0, there exists
K5 (€) > 0 such that

lim P| sup % <Z [, -1, (62)] +1np(9)-1np(95)> <-Ki(e)|=1. (10)

e O\N(En,e) 1=1

Remark 2.4. Assumption 9 gives the exact requirement for “good approximation”. This generalizes the definition of information
matrix equality (White, 1996). We now give an example where H,, (6?) + B, (6?) is o(1) but not zero in finite samples. Let the DGP
be

iid
Ve =x1,B0 + Xo70 + € & ~ N(O,0p),

where (x,,,x,,) is iid over ¢ and independent of ¢,. Assume that y, = §,/n'/?, where & is an unknown constant. Let the candidate
model be

iid
y, = x1,f + v, 0, ~ N©O,6?).
In this case

l,(9)=—%ln2n’—%ln02—

(yt - xltﬂ)z

2062

where 6 = (,62)". In this case, the pseudo true value is 6” = ( P 620 )l, which maximizes E [I, ()], and can be expressed as
B = po +byo. 0, = 63 +crps
where b= [E (x2)] "' E (xy,xy) and ¢ = E (x2,) = [E (x},xy)]” [E (x2)] . Hence,

£(<)

2p

-E [hr (95)] =l "

1 6§+L‘}/§ ’

@) (@)

n
1
n, () =L 3 En, (67)] =~ [w, (0))].
=1
From the iid assumption, we have

Var (s, (Gﬁ)) =F (51 (Qﬁ) S (Gﬁ),)

2 ’
GOE(Xl’xlr) n vy dyrg
2p 29\ 2 29\ 2
o) (o)
dzyg _ 1 + 30[2)+655§y§+d3yg
2 2 )
o) ()l

where d; = E [x?r_j_l (0 = xl,b)jH] for j=1,2,3 and

n

n
B 00) = Vor( L 30 0)) =2 S var s (o) -, (@)

N nis

J(Z)ngﬁ) + dlygz dzyg 2

o7 5}’ 5 5}’
R 7
dZVS _ 1 + 3(0'[2)) +65037§+d3yg
o)’ (o)’ ()
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Hence,

E(x%’> 0
lim B, (67) = lim J, (07) = lim —H, (0%) = 605

n—oo

1
2(s)
since y, = 8,/n'/?. Thus, H, (62) + B, (67) = o(1). However, H, (67) + B, (67) # 0 for any finite n. The violation of this assumption

has implications for the expression of DIC and hence, its theoretical justification. This issue has been carefully investigated in Li
et al. (2020).

Remark 2.5. The first part of Assumptions 5 and 6 are used to justify AIC; see Li et al. (2024) for more details. The second part
of Assumption 5 is used to bound the approximation errors of the Laplace approximations of the posterior mean and the posterior
mean variance; see, for example, see Huggins et al. (2018).

To develop the Laplace approximation, we need to fix more notations. For the convenience of exposition, we let I:I,(,/) ) =
iZL Vi, (92 for j = 3,4,5. Let #(0) = Inp(0), p, 7, V/p, and V/7 be the values of functions, p(0), 7 (0), V/p(0), and V/z (6)
evaluated at 6,. The next lemma extends Theorem 4 of Kass et al. (1990) to a higher order in matrix form.

Lemma 2.2. Under Assumptions 1-10, we have, as n — oo,

[ 1,©)p©®)p(y|6)do
[p©®p(y10)do
=1, (@ )+1B +i<B' + B, + B — ByBy ) +0, (1)
t n n 1,1 n2 121 121 1,22 41,1 p ’

11

where B, |, B), . B}, . B 5. By are all O,(1) with the expressions given in Appendix A.2.

The following lemma develops a high-order expansion of P;, and DIC.

Lemma 2.3. Under Assumptions 1-10, we have, as n — oo,

1 1 _
PD = P+;C1—;C2+Op(n 2),

1 1 -
DIC = AIC+ =Dy +-D,+0, (n7%),

where
1 1
C, = Ztr(Az)—€A3=Op(1),
_ ~ \—1
G, = tr [H (9,,) V%?] =0,(),
D =14+ e (a)-La,=0,0
L= 1+§r( 2)‘5 3=0,(),
Dy = Gy —2C, - Cp3 =0, (1),
with

Theorem 2.1. Under Assumptions 1-10, we have, as n — oo,

EyEy,,, [—2 Inp (yreplén(y))] = E, (DIC) + o1).

Remark 2.6. DIC is an unbiased estimator of EyE, —2Inp (yn,p|5n(y)>] asymptotically, according to Theorem 2.1 . Hence, the
decision-theoretic justification to DIC is that DIC selects a model that asymptotically minimizes the expected loss, which is the
expected KL divergence between the DGP and the plug-in predictive density p (yrel,lén(y)). A key difference between AIC and DIC
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is that the plug-i_n predictive density is based on different estimators of 6. In AIC, the QML estimate, @n(y), is used. In DIC, the
posterior mean, 0,(y), is used. In this sense, DIC is the Bayesian version of AIC.

Remark 2.7. The justification of DIC remains valid if the posterior mean is replaced with the posterior mode or with the QML
estimator and/or if P is replaced with P. This is because the justification of DIC requires the information matrix identity to hold
asymptotically, and the posterior distribution to converge to a normal distribution (more specifically, the posterior mean minus the
posterior mode converges to zero and the posterior variance converges to zero).

Remark 2.8. In AIC, the number of parameters, P, is used to measure model complexity. When the prior is informative, the prior
imposes additional restrictions on the parameter space, and hence, P, may not be close to P in finite samples. A useful contribution
of DIC is to provide a way to measure the model complexity when the prior information is incorporated; see Brooks (2002). From
Lemma 2.3, the effect of prior on P;, depends on C,, which can be thought of as a measure of the ratio of the information in the
prior to the information in the likelihood about the parameters. The effect of prior on DIC depends on D,, which in turn depends
on Gy, C,, and Cy;.

Remark 2.9. If p(y|6) has a closed-form expression, DIC is trivially computable from the MCMC output. The computational
tractability, together with the versatility of MCMC and the fact that DIC is incorporated into a Bayesian software, WinBUGS, are
among the reasons why DIC has enjoyed a very wide range of applications.

Remark 2.10. Although the theoretic framework under which we justify DIC is general, it requires consistency of the posterior
mean, the asymptotic normal approximation to the posterior distribution, and the asymptotic normality to the QML estimator. When
there are latent variables in the candidate model under which the number of latent variables grows as n grows, consistency and the
asymptotic normality may not hold if the parameter space is enlarged to include latent variables. As a result, our decision-theoretic
justification DIC is not applicable. A recent study by Li et al. (2020) provides a modification to DIC to compare latent variable
models.

3. Examples

In this section, we use two examples from Spiegelhalter et al. (2002), namely, the normal linear model with known sampling
precision and the normal linear model with unknown sampling precision, to illustrate the properties of DIC. In particular, we pay
attention to the effect of prior on Pj and DIC.

3.1. The normal linear model with known sampling precision

The general hierarchical normal model described by Lindley and Smith (1972) is
y~ N (F6,.G), (12)
and the conjugate prior for 9, is
6, ~ N (F,9.G,), 13)

where F) is n x P matrix, 6, is a P x 1 vector, G| is n X n matrix. Assume G,, F,, ¢, and G, are all known. In this case, 0 = 6,. The
log likelihood function is

Ly10) ==2 27— 21n|Gi| - 3 (y— F10,) 6" (y= F16,).
It is easy to see that the QML estimate of 0 is
8, = (FIG'R) " FlGTy. (14)
The log prior density is
70 ==L 2z - 21n[Gy| - 3 (6, - 29) G5 (6, - Fagh).

It is well-known that the posterior distribution of 0 is

Oly ~ N (Vb V),

where
V= (FG'R+6") ", 1s)
b = F/G'y + G;'F,¢. (16)

By Lemma 2.3, we have

9,=0,-18,(8,) vx(3,) +0,(n). a7
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o) 0,0

Py=p- L [H (8,) v (a,,)] 10, (n). 19)

~

where Vz (@n) =G;! (@n - F2¢> and V’z (9,,) =-G,".
In (19), one can see the effect of prior on Pj, via V2z @,, , which is determined by the curvature of the density of prior at @,,.

Note that the third order derivative of the log likelihood function L (y|0) is zero. Thus, D, = C,; = 0 and the effect of prior on DIC
is

D, = —2C, — Cyy = 2tr [H (8,) " = (an)] ~vs(5,)1,(5,) vx(5,).
Hence, by Lemma 2.3, we have
DIC = AIC + %Dz +0,(n?).
Spiegelhalter et al. (2002) express P, as
Py =tr [FG' V] =tr -1 (8,) V]| = P-tr [6,'V]. (20)
where L2 (0) is the inverse of L® (0) and L® () = nH,, (0) = ~F] G;lFl. Together with (18), (20) is the same as (19).

3.2. The normal linear models with unknown sampling precision

Suppose the model is
y~N(F6,77'G)). 2D
Assume the conjugate prior for 0, is
0, ~N (F¢,77'G,), (22)
and the conjugate prior for 7 is
v~1T(ab). (23)

Assume G, F,, ¢, and G, are all known. Let 6 = (9; , T),, where the dimension of 6 and 6, is P x 1 and P, x 1, respectively. Clearly,
P = P, + 1. The dimension of F;, G, F, and G, is nx P;, P, X P, P| X P;, P, X Py, respectively. It is well-known that the posterior
of 0 is

0.ty ~ N (V;b;,¥;) and ‘r|y~F(a+ g,b+ 5),

(3]

where
Vil =2V~ b = b8 = (y-F F,¢) (G, + F/G,F, )‘1 (y-Fi F,).

According to Lemma 2.3, we have
1

n
11 i I ;
Pt (trlAg) = £45) = 2Cy+ 0, (n72)

P,=P+-C - %cz+op (n7%)

5 P 1 -2
=P+(-=+2L)-2c,+0 , 24
+<3n+n> n2+p(n) (24)
since tr[A4,] = —12, and A; = —6P; — 8. The effect of prior on Pp, is
1 NN ~ I R P 2@a-1

~2Cy=—tr [L2(8,) v (8, )] = - <tr (67 R) 65|+ =L+ == ). (25)

From (24), and (25), we can rewrite P, as
2a 1 1 |5 A\ -

Pp=P= 204t otr [H,m(Hn) 1G21]+Op(n 2, (26)

_ Ayl _ _ -l
where H, | en) =—(¢F/G7'Fy) " is the submatrix of H, (9,,) corresponding to 6;. In (26), one can see the effect of prior on
P;, via a and G,. The effect of prior on DIC is

1 2 1

1
=Dy = =Gy = =G = —Cy,
n n n n

10
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where
toy=-Tha oy =-cy(rerR) o - 2ac,
with
;l=i_lc*’G C* +(a—1)_l c: =G5! (a —F¢).
2%, 2 2272%2 % 2 2 Ln 2
Thus,

DIC=AIC+ 1D, +1D,+0, (%) :
n n n

where
| 4 2
Dy =P +2P -3, A =— (2P +8).

Spiegelhalter et al. (2002) express P as
Py =tr [F/G{'FiV] —n{y (a+n/2)—log(a+n/2)}, 27)

where y (z) is the digamma function that has the asymptotic expansion

1 w By 1 1 1
=lnz— — — =lnz—- — - o(—=), 28
v(z)=lnz 2z Z{ 2jz% R 1222 * <z4> 28
where B, is the kth Bernoulli number. Thus, the second term of the right-hand side of (27) can be written as
1 1 1
n{y(a+n/2)—log(a+n 2)}=n{— - +O<—>}‘ (29)
/ & / (2a+n)  302a+n)? nt
The first term of (27) is
1 -1 _ 1 T ~N\Th 1
tr[F{GT'FyV] = P+ tr [H,,’” (en) £G; ] +0, (n2> . (30)

Hence, from (27), (29), and (30), we have

_ ~ !
Py =P +ttr [Hn‘” (en) G5 (31)
n

[E——
—_
|
Ny Q
+ | I
S I
+
o
7/~
:Nl,_
~——

2a— 3
2a+n

2a- 3 1 . 2a 1
S =——+=+0(—=).
2a+n 3n n < n? >
Substituting this to (31), we can get (26).
From this example, we can see that Lemma 2.3 provides a general and convenient way to measure the effect of prior on Pp.

Spiegelhalter et al. (2002) use some specific techniques to derive (26). However, these techniques are problem specific and difficult
to use in general.

Applying the Taylor expansion to

4. Empirical applications

In this section, we conduct three empirical applications to illustrate the implementation of DIC. The first application compares
two alternative discrete choice models to investigate the marginal effects of parents’ education level on children’s completion of
high school. The second application compares two stochastic frontier models under different distributions using electricity utility
data. In the third application we compared four copula models using S&P index returns. All three classes of models have been
widely applied in economics. Our goal is to demonstrate the extensive applicability of DIC across diverse economic models. For
simpler models such as linear regression, DIC and related higher-order expansion terms can be derived in closed form. However,
a closed-form expression for DIC becomes infeasible for more complex models such as discrete-choice models, stochastic frontier
models, and copula models. Therefore, we provide empirical examples to illustrate how DIC can be practically applied in these more
sophisticated models.

In all three applications, the competing models are non-nested, making the hypothesis-testing-based approach to model
comparison infeasible. In all three empirical studies, we employ vague priors. Regarding predictive performance, the results indicate
that the logit model demonstrates superior effectiveness compared to the probit model in examining the marginal effects of
parental education levels on children’s likelihood of completing high school. Furthermore, the stochastic frontier model utilizing an
exponential distribution exhibits better predictive performance for electricity utility data relative to the one based on the normal
distribution. Lastly, among copula models applied to S&P index returns, the t-copula with t marginals model outperforms alternative
models in predictive accuracy.

11
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Table 1

Model selection results for the probit model and the logit model.
Model D (6) P, DIC Cy/n
Probit 905.3953 8.0040 921.4032 0.0008
Logit 905.2918 8.0253 921.3424 0.0023

4.1. Discrete choice models

In this section, we compare a binary probit model and a binary logit model. Let y = (y; y, ... y,,), be a vector of dependent
! !

variables, where y; takes a value O or 1 for i = 1,2,...,n; X = [x},x, ... ,x;V]’ be a matrix of independent variables, where x; is a
1 x P vector. The probability of y; = 1 conditional on X is
P()’i = 1|Xi!ﬂ) = F(Xiﬂ) B (32)

where g is a P x 1 vector. Assume (y;.x;)_, are identical and independently distributed. If F (X,8) = & (X,B) with & (-) being the

CDF of N(0, 1), (32) is the probit model. And if choosing F (X,$) be the CDF of the logistic distribution, that is, F (X;f) = %,
(32) becomes the logit model. ’

The latent variable representation of (32) is
z; = X;p+e;, v =1(z;>0), (33)

where z; is the latent variable, I(-) is the indicator function. In this representation, ¢; is a standard normal variate in the probit
model and a logistic variate in the logit model.

Albert and Chib (1993) propose a Gibbs sampling algorithm for (33) based on the data augmentation technique of Tanner and
Wong (1987). Zens et al. (2022a) apply the marginal data argumentation technique of Liu and Wu (1999) to boost the convergence
of the Gibbs sampling algorithm for the probit model. In the logit model, the latent variable follows a linear model with a logistic
error term. To approximate the error distribution, Held and Holmes (2006) use the scale mixture normal representation while
Polson et al. (2013) use a Pélya-Gamma (UPG) mixture representation. Zens et al. (2022a) combine the UPG representation and
the marginal data augmentation technique to improve the efficiency of Gibbs sampler for the logit model. In this paper, we use the
algorithm proposed by Zens et al. (2022a) to draw MCMC samplers for the logit model.

We fit the two models to a dataset obtained from the US Panel Study of Income. The dependent variable is a binary variable that
takes the value of 1 if a woman participates in the labor force and zero otherwise. The independent variables include the number
of children under the age of 5, the number of children between 6 and 18 years, a standardized age index, two binary indicators
capturing whether a college degree was obtained by the wife and the husband, the expected log wage of the woman, the logarithm of
family income exclusive of the income of the woman. There are 753 observations in the data set.® In total, there are eight parameters
in both models, including the intercept.

We specify a vague prior distribution for parameters as

B~ N (041, AXL),

where 4 = 100 in both models. Here, we draw 5,100,000 random draws from the joint posterior distributions of parameters and
latent variables in each model. The first 100,000 draws are used as the burn-in sample. Hence, there are 5,000,000 effective draws.
To compute Pp, we need to evaluate Eg, [ln p(y|9)] where 6 = B, which does not have a closed-form expression. We approximate
it based on the MCMC output as,

M
1
Egyy [Inp(y0)] ~ 3000000 Z Inp (y|6™).
m=1

Table 1 reports D (5), Pp, DIC, and C,/n for both models. DIC suggests that the logit model is slightly better than the probit

model. The difference between the two DIC values is mainly due to the difference between the two D (5) values. This is not

_ /AL
surprising as the priors are vague. To examine the effect of the priors on Pp, we can compare the two C,/n = n~'tr |H, (9,,) vz

values. It is 0.0008 for the probit model and 0.0023 for the logit model, both being negligible. Not surprisingly, Pj, is 8.0040 in the
probit model and 8.0253 in the logit model, both values very close to the actual number of parameters.

6 For more details about the dataset, see Zens et al. (2022b).

12
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4.2. Stochastic frontier models

Since Aigner et al. (1977) the stochastic frontier models have proven useful in analyzing the production efficiency of firms. As
there is a latent variable in the model (the inefficiency variable), MCMC was proposed to provide Bayesian analysis of the stochastic
frontier models in Koop et al. (1995). See also Kurkalova and Carriquiry (2002), Tsionas (2002), Kumbhakar and Tsionas (2005)
and Tsionas and Mallick (2019). With a Cobb-Douglas cost frontier function, the stochastic frontier model can be expressed as,

yi=a+XiB+u+uv,i=1,...,n, 34

where y; is the logarithm of the production cost and x; = {InQ, In Pﬁ,’ In :;’;, (In Q)*}’ contains cost-related variables for firm i, with O

being the output and P,, P, and P, being the three factors (labor, capital and fuel). While the error term u; captures the production

inefficiency that is assumed to be nonnegative, v; is the error of the production function. We assume v; and u; are independent of each

other and both are independent of x;. Moreover, we assume v; ~ iid N(0, o2). For u;, two well known distributional assumptions have

been adopted in the literature: the half normal distribution and the exponential distribution, i.e., u; ~ iid N*(0, 0'3) or u; ~ iid Exp(n)

such that E[u;] = n,Var(u;) = #*. We now use DIC to compare these two alternative specifications. Let the composite error & =u;+v;.
Under the half normal distribution, according to Kumbhakar and Lovell (2000), the density of ¢; is

2 & g1
fle) = —p(—)P(—), (35)
c o c

where ¢ = ‘/03 + ag, A= Z—“, @(-) and ¢(-) are the CDF and the density of N(0, 1). Then, the log likelihood function for the model
is ‘

n ! n
i —a—x;p)A 1
_ n i i ! a2
InL=nln2= 32z —nino+ Elntp(f) 5 ;(yi —a—x)p7. (36)
Under the exponential distribution, the density of ¢; is
o} £
&) = neXp(T —ne))P(— —no,). 37)
o-l)
Then, the log likelihood function for the model is
2.2 n n !
nn-o yi—a—x;p
InL= 3 U+n1nn—;12(y,-—a—xl’.ﬁ)+21n¢(6—'—r/GU). (38)

i=1 i=1 v

The data we use covers 123 U.S. electric utility firms in 1970 (i.e. n» = 123 ), which can be found in Greene (1990). For posterior
sampling, following Griffin and Steel (2007), we use the following prior distributions.

a ~ N(0,10%), f ~ N (0, 10%), iz ~ I(0.001,0.001), (39)
(o3

v

and

Lz ~ I'(1,1/37.5), if u; is the half normal distribution,
oy

n ~ Exp(—1In0.875),if u; is the exponential distribution.

The MCMC output is obtained from WinBUGS (Spiegelhalter et al., 2002). The total number of iterations is 200,000. The burn-
in period is the first 20,000 iterations. One effective sample is taken for every five samples in the remaining iterations, resulting
in 36,000 samples for each parameter from their posterior distributions. These effective draws are used for Bayesian parameter
estimation and DIC computation.

The parameter estimation results for the two models are reported in Table 2. Table 3 reports D 0), Pp, DIC, and C, /n for both
models. The stochastic frontier model with the exponential distribution has a smaller DIC value than that with the half normal
distribution (—120.8937 versus —120.0211). This indicates that, for the data, DIC selects the exponential distribution. To see the
effect of priors, we report the value of C,/N. With the vague priors, the values of C,/N are negligible in both models.

4.3. Copula models

In this section, we compare several copula models based on estimated DIC. Copula models are popular tools in finance to model
the joint distribution of multiple asset returns. It consists of the marginal distribution of each random variable and a copula function.
Consider a simple case where there are two assets. Let r|, and r,, be daily log returns for asset 1 and asset 2 at time 7. Assume

Iy =t oz,

ryy = Hy + 032y,

13
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Table 2
Parameter estimation results for the stochastic frontier models with the half normal distribution and the exponential
distribution.
SFA model with the half normal distribution
a B B B By 1/0} 1/0;
Posterior mean —7.3834 0.4056 0.2427 0.0616 0.0307 54.9977 83.0852
Posterior SD 0.3342 0.0393 0.0665 0.0624 0.0027 32.9261 29.0756
SFA model with the exponential distribution
@ B b B By n 1/0'3
Posterior mean —7.4656 0.4248 0.2495 0.0480 0.0296 12.4287 81.2437
Posterior SD 0.3403 0.0434 0.0647 0.0616 0.0029 5.4946 24.6652
Table 3
Model selection results for the stochastic frontier models with the half normal distribution and the exponential
distribution.
Model D (5) P, DIC C,/N
Half normal -131.2210 5.6000 -120.0211 0.0042
Exponential -133.1431 6.1247 -120.8937 0.0942

Table 4
Four Copula models to be compared.

Gaussian copula normal marginals model (gnc)

Distributional assumption: z, ~ N(0, 1), Gaussian copula function

Log likelihood —nln2x — g In ( ;T; ) -ZL '_(sz)
Parameters 0= (u, hy U, hy &, h €(0,+0),6€[-1,1]
Priors u; ~ Normal(0,25), h; ~ Gamma(0.1, 1), ~ Uniform[—1, 1]

Gaussian copula t marginals model (gtc)

Distributional assumption: z;, ~ #(0, 1, v), Gaussian copula function

P _&2 n | 2260000900
Log likelihood ~ZIn l”—: - | e e 2(1752)4" L %(q;“ + q;,zr) +1n f(z1,50) + In f (25,3 0)
Parameters 0=y, hy Hy hy b )T, h; € (0,40),8 € [-1,1],0 € (2, +0)
Priors #; ~ Normal(0,25), h; ~ Gamma(0.1, 1), § ~ Uniform[—1, 1], v — 2 ~ Exponential(1)
t copula t marginals model (ttc)
Distributional assumption: z;, ~ #(0, 1,v), t copula function

. no 1-82 2 on a5, =200 1 0r
Log likelihood —nin2z = §Inj=- — =y, In (1 + MT)

=X [Inf@pysm +1In f(gsa:m —In f(z),:0) = In f (23 0)]

Parameters 0=, h w hy, & v T h€0+0),8€[-11],0,1€E Q2 +x)
Priors u; ~ Normal(0,25), h; ~ Gamma(0.1, 1), § ~ Uniform([-1, 1],

v —2 ~ Exponential(1),7 — 2 ~ Exponential(1)

Clayton copula t marginals model (ctc)

Distributional assumption: z; ~ (0, 1,v), Clayton copula function

Log likelihood % In((1 + 8)*h, hy) — (1 + 8) X, (In F(z,50) + In F(zy,; 0))

-3 [(2 + DI (F2,:007 + Fay:0)% = 1) = In f(20,30) = In £ (23,30)
Parameters 0=, h u hy & v, h€0,+),5€(0,+0)0v€E (2,+0)
Priors u; ~ Normal(0, 25), h; ~ Gamma(0.1, 1), ~ Gamma(l, 1), v — 2 ~ Exponential(1)

where y; is mean of return, o; is standard deviation, and z;, = (r;—u;)/0; is normalized returns for i = 1, 2. With different assumptions
for marginal distribution of z;; and the Copula function, we obtain different Copula models. Particularly, we consider four Copula
models in Hurn et al. (2020).

Let h; =1 /c;l.2 > 0 be the precision parameter, F(z;;v), f(z;;v) be the cumulative distribution function (CDF) and probability
density function (PDF) of the t distribution with v degrees of freedom (v > 2) respectively, @~!(-) be the quantile function of
the standard normal distribution, F~'(;#) be the quantile function of the t distribution with # degrees of freedom (n > 2),
dpi = D U(F(z;50)), q it = F~Y(F(z;,;v); ). Given the above notations, the log likelihood function, parameters, prior distribution
of parameters for considered Copula models are summarized in Table 4. For more model details and model property analysis, one
can refer to Hurn et al. (2020).

14
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Table 5

Model selection results for four copula models.
Model D (é) Py pIC Cy/n
gnc 31378 5.20 31389 —0.0006
gte 29689 5.69 29700 —-0.0014
tte 29305 5.60 29316 —0.0016
cte 30490 5.67 30502 —0.0016

The data we use are daily log returns on the S&P 100 and S&P 600 Indices from 17 August 1995 to 28 December 2018 and the
sample size is n = 5893. The MCMC output is obtained using “mcmc” package in R, where total iteration is 100,000 times, burn-in
iteration is the first 50,000 times and one effective sample is taken for every five samples in the remaining iterations, resulting in
10,000 samples for each parameter from their posterior distributions.

To compute Pj, we need to evaluate Eg\y [ln p(yl@)]. Since it does not has closed form, similar to the discrete choice model
example, we approximate it by MCMC output,

M
Egyy [Inp(y10)] ~ ﬁ Y inp (ylo™)
m=1

where M is the number of effective draws.

To compare these four Copula models, we calculate D (5), Pp and DIC for all candidate models based on the 10,000 effective
draws. The results are summarized in Table 5.

Based on the DIC estimates reported in Table 5, the t copula t marginals model (ttc) outperforms the other models by a large
margin. Its DIC is estimated to be around 29316, being the smallest among the candidate models. Then follows the second best
model, i.e., the Gaussian copula t marginals model (gtc), with DIC being around 29700. The performance of the remaining Clayton
copula t marginals model (ctc) and Gaussian copula normal marginals model (gnc) are not satisfactory. These results are consistent
with existing empirical facts that asset returns exhibit heavy tails, and that the two asset returns we choose are expected to have
strong tail dependence.

The estimated values of P, are close to the number of model parameters. This is because we employ vague prior distributions

-]
for parameters. In the last column in Table 5, we give the estimated prior effects on Pp, i.e., Cy/n = n~'tr [H,, (9,,) sz?]. The

prior effects are small.”

5. Conclusion

This paper provides a rigorous decision-theoretic justification of DIC based on a set of regularity conditions. To do so, we first
specify the underlying loss function to be the KL divergence between the true DGP and plug-in predictive distribution p (yreplé,,(y)).

This loss function is slightly different from that in AIC by using the posterior mean 8, (y) as the estimator of 6 rather than QML. As
a result, DIC is easy to calculate when the MCMC output is available.

Under a set of regularity conditions, we then show that DIC is an asymptotically unbiased estimator of the expected loss function
as n — oo. Moreover, we develop expansions to DIC and the penalty term based on the high-order Laplace approximations. These
expansions allow us to easily see the effect of prior on DIC and the penalty term. We illustrate how to use DIC to compare some
non-nested models widely used in economics.

Although DIC is expected to select the “best” model among a set of candidate models to predict replicate data, as far as out-of-
sample forecasting is concerned, model combination has been found to be a fruitful alternative approach to model selection. Useful
Bayesian model combination techniques include Bayesian model averaging, Bayesian predictive synthesis, and Bayesian predictive
decision synthesis, see Hoeting et al. (1999), McAlinn and West (2019) and Tallman and West (2024) for more details. The topic of
Bayesian model combination is beyond the scope of the present paper.
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7 To obtain a positive prior effect, the V27 need to be negative definite. However, this is not necessarily satisfied in practice. Here the estimated C,/n is
negative because V27 is not negative definite.
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Appendix A

A.1. A proof of Theorem 2.1

We write H,, (67) as H,, B, (62) as B,, and let C, = H,!B,H;!. Under Assumptions 1-10, we can show that

6,() =8, +0, (n”") (40)
by the stochastic expansion, for more details, see the proof of Lemma 2.3 in the online supplement. Then, we have

0,(y)=0+0,(n"'7?),

ﬁBnW% SN(01,), “
and
Vi (8,)-0) = N (0.1). (42)
Note that
EE, (—21n » (ym,l@,(y)))
- 18 (200 (31,0 )
|

+ By Ey, (22100 (3,4102)) = By By, (<2100 (3,1, (¥rep) ) )]
()

+ [EyEymp (‘21[11’ (yﬂ’plan(w)) - EyEy,, (—2Inp (Yreploi))]-
(T3)

Now let us analyze T, and T;. First, expanding Inp (y,,,|6?) at o, (Yrep)> We have

Inp(y,.,67) (43)
o B )
, 0%Inp (yreplan (yrep)>

(629, (veer) )

B ~ PP (610, (Yrep) _
5 [(0r-2 (vr)) @ (08, () )| np((ayoz;’aoyep ) (022 (vr))

where 5: (y,ep) lies between 67 and 0, (ymp). Note that the last term can be written as

R0, = L [V (01 1)) 0 V(052 0] £ 5 9% (5 500 V3 (07 ) "

1 -
+ 5 (9‘;’ -0, (yrep)> 9000

where \/n (95 -0, (y,e,,)) =0, (1) by Assumptions 1-10 and

n
2 2V (0 ()| <
1=

V1, (8, (Yrep) ” <1 Z sup V1, 0]

< = M.(y'
\ng} Q)

by Assumption 5. It can be shown that

n Iyn p M,y ; '
P<rll ZM;(YI)>C> < Zt:l ( (y )) < WPzE(Mx(y )) < M
=1

C - C - C

by the Markov inequality. Let e = M /C, for any ¢, there exists a constant C = M /¢ such that
1 n
P - M,(y)>C ) <e.
(13 mensc) s
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—
Thus, i Y M,(y')=0,(1) and ‘ % >, Vv, (Bn (y,e,,))H =0, (1). Hence, we have RT, , = 0, (n"1/2).
We can rewrite (43) as

1np (¥ye,167)

= 0 (318, (1)) + (y’”’g o) (625, (5.0))
(o)) T 0D) ) ),
=0 (3B, (31)) (y’e”g ) (028, (v.))
(013, ) 2 (yae;;) ") (53 5, 1)
. amp(yre;fn (Vp)) 01n p(y,e';,(lfn (Yrer)) (85, () + AT,

_ 107 (Yrep s (¥re _
107 (Yrepls () ) + onoly = ) (200 (v )

! 02 lnp (yreplan (yrep)>
0000’

(629, (voep) ) + RT,

02 Inp <y |5 (y ))
—_ 1 —_ ! repl™n rep -
Inp <YVep|0n (Yrep)> + 5 (95 - en (Yrep)) 9000’ (01; - Gn (yrep)) + RTn

from (40), where RT, = RT) , + RT,, with

+% (95 _én (yrep)>

0 lnp (yrep |6n (yrep)> 2 lnp <yrep|an (yrep)) —
RT,, = — - 7 (629, (veep) ) (45)

We can rewrite the first term on the right-hand side of (45) as

alnp (yreplan (yrep)) 61[1[) (yreplan (yrep)>
06/ - 00/

~#
| O*Inp (y,eplf’n (y,e,,)) -

T 0000/ " (9" (¥rep) = B, (y,e,,)) =0,(),

where @j (¥yep) lies between 8, (y,,,) and 8, (¥,.,). Thus,
RT,, =0,(1)0, (n"'/?) =0, (n"'/?).
Hence, we have
RT, = RT,, + RT,, =0, (n"'/?). (46)

Now we will consider the expectation of the norm of RT; , and RT,,. For RT) ,, we first consider the term

[V (0 500} © 5 (02 30| L 590 (3 00 V5 (0 00). (47)

and try to prove that the expectation of (47) is bounded. It can be shown that

| R PN X £ AT N ) |
< (e |13 (=00 0 i - W)]’ (i
(2 [|E B @ ) va (02-9,6.0)

)
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i 12 2q < 172
- <E[ 7 (67 =8, (vrep) ) > < [ 1,(8, (Yrep) ) Vi (6201 (311 D
by the Cauchy-Schwarz Inequality and the fact that
[V (028, () @ Vi (03, (5| = |V (023 (50 [
To prove that (48) is bounded, we need to prove that
[ Ve (-3, ) [ | (49)
and
2
[ ZV 1 (8, (3rep) ) V1 (62-8, () ) ] (50)

are both bounded.
For (49), we have

n (9;1; -0, (yrep)>

1/4

)

n <9ﬁ - an (Yrep) +an (Yrep) -

I

s (Yrep) )

. 4]>1/4 1/4
<‘ Vi (8, (Srep) = B, (¥re)) )4]>
< <E ' \/;(95_(3" (ym,,)) ) >1/4+ (E H \/Z(??n (¥rep) — 0, (ym,,)) 4D1/4

by the triangular inequality and the Minkowski inequality. To prove that (49) is bounded, it is suffice to show

7 (67 -8, (vrep) )

\/; (95 - an (yrep)

~—

‘|

r 4
E ] (51)
and 7
E

: \/ﬁ <§n (Yrep) _5" (y"zl’))

are both bounded. Li et al. (2024) have proved that

: \/; (9‘; - an (Yrep)>

under Assumptions 1-10.
For (52), following Proposition 6.1 of Huggins et al. (2018), and Lemma A.1 if we use 6, (Yrep) to approximate the posterior
mean 6, (y,,,), the bound of the approximate error is

n <an (¥rep) = -0, (yrep)>‘ :

4
] (52)

E

4
] < oo (53)

< —C*, (54

\/;

where

] s ) X . 1/2
(2 2 m0) (2 i)+ 22

C*=a®y"
+2 (i > M,(y’)) (Z,’;] ’flﬁ:,/ ) + Mg

p;; are the eigenvalues of H} := H, (@n (y,ep)>, M, is a finite constant. It can be shown that
v o) (S0 |m|) + 2
L=t VY j=1|"Hy.j j=1 H* i
1 P
+2 (; X Mt(y’)> (Zj:] ‘/‘lﬁﬁ,j ) + M

(i s M,(y’))z <P2 X p (l:lf,)z +Pxp (ﬂ;)Z) 1/2
2220, M) (Pxp () + M3

1/2

C*

a(y")

IA

a(y")

1/2
n 1 < 4 P + * E 1 I_I*
a(y") <;‘,§| M,(Y)> > P)Xp H ( M(y)> Xp( ")) Mg}
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., ) ) 12
1 = 1 .
<a (y”)[(; D M,(y’)) (P> + P) x ||| +2 <; D M,(y’)) X P x |[HE|| + Mgl :
=1 =1
where p (H;) = max; ‘Aﬁis ;| is the spectral radius of H; that is smaller than ||H?||. Therefore, (52) is bounded by

(VA (80 () =T (5

by Assumption 5 since

4
] <SE(C?)=0(n?) < (55)

2 B 2
£ () = E|agry| (3D M00) (P4 P) <GP
2 (L3, M) x P x| |+ M
5 1/2
1 n 1 2 |12
n Zr:l Mt(y )) (P + P) X ”Hn”

el
< (E [a(y ) ]) E L_z(% " M,(y’)) X P x ||EE|| + M(J
Thus, from (53) and (55), we have )
<E [ n (95 -6, (Yrep)>
< <E[ n(eﬁ—@n (ymp))

< 0.

A

4 1/4

DG

(56)

N———

W

2
] (57)

1

Vit (8, (Yrep) = 00 (¥rep) )

For (50), we have

[ ZV3 (8, (vep) ) Vi (8-, (vr))
E[ ZV 1 (8, (3rep) H ”x/’ 0, (Veep) )
el

E

IN

I\

Yrep ) )

2 LWH>< 0

by Assumption 5 and (56). Thus, from (47), (48), (56) and (57), we have

<

E||RTy,|| (58)

et
)

1
-
(e [ 598,500 V5 (03,0,
o(l).
E||RT,,| (59)

For RT,,, we have
< E 1 d ll’lp (yreplan (yrep)) d lnp (yreplan (yrep))
“lve o0/ - oo/

IN

1/4

(075, (5))

2\ 1/2
1 alnp(yreplen (yrep)) alnp(yreplen (yrep)>

\/Z 06’ 00’
2] ) 1/2

2
]<oo

IA
o

(e[}

Vi (67 -8, (v,ey) )

o (Yrep) )

where

d
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by (56). For the first term in the right-hand side of (59)

[é} ll’lp (Yreplén (yrep)> 0 lnp (yrepl/o\n (Yrep))
20’ B 00’

l-

~H#
P10 (YreplB, (Yrep) )
0000’

105 (3018, (3,7 )
1 rep!¥n \Yrep _ .
T 0000’ \/;l (e” (yrep) - en (yreﬁ)) 5

(4 (Vrep) = B (v,c1))

-

S

where §j (¥yep) lies between 6, (y,,,) and o, (¥rep)- Thus, we have

2

£ 1 alnP(Yreplan (Yrep)) 0lnp(y,ep|§n (yrep)>
Vi 06’ - 00/
[ 2
P17 (Y18, () )
1 rep!™n \Jrep — ~
=F ; 6069’ \/; (9" (y’EP) - en (yrep)>
: 9%In (y |§# (v )) :
1 P repl™n rep _ N
=t ; 0000 ‘ \/;(9" (yré‘li) - en (Yrep)>
T 4\1/2
azlnp<y |§# (v ))
1 repl™n rep _ R
1“1l 9000’ <E H Vi (8, (Vrep) = B, () )

By Assumption 5 and (55), we have

e 4
1 9*Inp <Yrep|9n (yVep)>
- < o,
n 0006’

and

Vi (8 (ep) =8 ()

Hence,

_ ~ 2
[ (3renlB (%rep) ) 002 (%l () ) || |
Vn o6/ - oo/ -

So we have

E||RT,,,|

2

Al (ren 184 (¥7cp) ) ) 0105 (¥, 181 (¥rep) )

\/ﬁ 06’ 00’
0| NaCEA) ])/

=o(l).
From (58) and (60), it can be shown that

IN

E ”RTn” <E ”RTl,n” +E ||RT2,n|| = 0(1)'
We can further get

Ty = BBy, [2100 (3,6,16]) + 2105 (3,618, (¥y) )]
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o(l).
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_ EyEyreP B (5,, (yrep) B Gfl’), dlnp <Y;e;(|390r: (Yrep)) (én (yrep) _ 9ﬁ> +RT,

*Inp (y |5 (y ))
— !’ replYn \Jrep —
Eyrep - <9n (yrep) - Hﬁ) 3000’ (Gn (yrep) - 9’;) +o(l)

o
F0ob00) G o) o

Ey|- (an(y) A )

Next, we expand In p (y,eplén(y)> at 0",

_ 0lnp(y |9”) _
7 (3, 8,)) = 10 (v,0,16) + ——="= (8, - 0}

p), 62 lnp (yrepleﬁ)
0006’
Substituting the above expansion into T3, we have

Ty = BBy [-2100 (v 10,0))| = By, [-2105 (v,6y107)]

0In p(y,e,07)

o )

+1(B.m- (8. -02) +0,(1).

3 P Inp(y,epl€)) (5
6, - 8:) T2l (G ()~ 6) +0, (1)

ol or) ,_
- EE [_zm <9n(y)—9ﬁ)]

Y " Yrep 00’

_ /021np(y |9”) _
+EE, [— (B.m-e) #(Qn(y)—%’) +o(l)

= 28, <W> £ [(6.m-01)]
+Ey [— (én(y)—gg)' E,, (a lnseg’rae’ple )(9 ) -0 ] +o(1)

= ! 0% In p(y|6%)
=Ey[—\/2(en<y>—95) Ey<1 - >\f(e<y> )]+o<1>,

06006’

since

01np(y |9”) — (3lnp(y |9”) _

by (41), (42), and the dominated convergence theorem.
We can rewrite T, as

02 (v16,) _

T, o (0,50 -03) [+o)

Ey|- (8,0 -02)

0006’

_ 9 Inp(¥10,(¥) n
V(o) (37 - (1252 )
xy/n (8,0 - )

E, [—\/ﬁ(énm -r) Lk, <w> Vi (8,0 - 05)]

+ By

+o(l)

where

_ 1 ®np(y6,m 21n p(y|o"
—/n (en()’) - 95) (% 0(909’ ) - E (i ! lagszl’e ) >> (61)
x/n (8,0 -07)

y
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2|, 2np (y|5 (y)> a1 o)
— 1 n np y|
< —or N "/ E
< B "<9"(Y) 9") 9000/ y(n 00060/
B a1\ 172
< <Ey[ n(en(y)—95> ])
_ 2T\1/2
2
19 lnP(Y|9n(Y)) 19*Inp (y|6)
XNE s B\ -
n 0000 n 0000

In (61), we have

[ — 2
- 1 Inp (+10,) _p (19 (vie)
Y| n 2000/ Y\n o606
r _ 2
| Pp(v0,m) )
= E ||| g5 ~ B (67) +H, (6]) ~H,
I _ 274/2
| P np (v10,) 72
) R |

The first term of (62) can be written as

| Pp(v0,m)
vec ;W _Hn (05)

vec (1, (0,()) ) - vec (1, (02)) = ;gv%,(éj*(y))(én(y)—eg)
LS (@ ) V(e -e)
=1

2

by vectorization and the Taylor expansion, where 5:* (y) lies between én(y) and 6”. Thus,

L (yi6,) 2

S -}, (0))

E
n 0006’

y

< %Ey[ %ﬁvﬁ, (@ )| ||V (@ -e) H

=1

t 47\ 1/2 47\ 172
< %(Ey[ }11 lt(éj*(y))H D (Ey[ Vi (6, -6r) ])

_ 1
-o(;)
by Assumption 5 and (56). The second term of (62) can be written as
_ 2 1 _ 2 1
E, [ a,(07) -1, ] <-E, [H\/Z(H,, (67) -H,) ] =o(5)

by Assumptions 1-9. From (63) and (62), it can be shown that

r _ 2
2
19 Inp <Y|9n(Y)> (1 *Inp (yl9£)>
~——— ~ _F, S

=o(1).
n 0006’ 0000’ ‘ n

o

Thus, we have

_ ’ dzlnp(y@(y)) 0%1np(y|6h)
v —\/Z(en(y)—Gﬁ) (},W_Ey <% oﬂpz)Z' ) =o(l).
xy/n (5,,()’) - 95)
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We can further rewrite T, as

, @Inp (ylén(y)) _

7 = £ |- (0,00 -0;) —— oo (B,0) = 0) [+0(1)

[ _ ' 91 o —_
= £ |-vi (0,0 -) %@(M)\/ﬁ(en@)—eﬁ)] +o()

0006’
= T; +o(1).
Hence, we only need to analyze T3. Note that
[ _ ' 1 9% 1In p(y|6P) _
= — —_er —= _n .y
Ty = Ey |-V (0,0 -6]) Ey< T ang ) Vi (@ =) | +o) (66)

= & [Vi(6,0-) (-1,) ﬁ(én(y)—eﬁ)] +o(l)

= E, (c;l/zﬁ(én(y)—eg))'ci/z (—H,,)(:L/zc;”2 9(y) g)]+o(1)

=Ey{tr [HHCL/ZC;”Z\/Z((?"(w—Bﬁ)\/'(9 m-e) c,'’c '/2]}+o(1>
C

tr { (-H,) C}/*E, [0;1/2\/2(5”@) - eg) \/'<9 y) - ‘1/2] ‘/2} +o(l).

In (66), we have

E, [c;”zﬁ (@,(y) - 95) NG (0 ¥) - 91’) ‘/2]
c,'E, [\/ﬁ(én(w - 00) v (8,0 - 95)'] c,'”
c, "k, [\/Z (B.)-67) Vi (8, - 9z)'] ',

where
E, [ﬁ (8. -2) Vi (5n<y>—eg)'] (67)
E, [\/' (6.5 -0,0+8,0-02) v (6,00~ 0, +8, ) - 07) ]
[\/' )= 07) Vi (8, -61) ] +Ey [\/ﬁ (6.0-8,») V(8,0 -07) ]
+E, [\/Z(en W -6) V(6,0 -0, ) ]
+Ey [\/5 (B.5-0,0) Vi (0,0-8,m) ] :
In (67), it can be shown that the last three terms are all o (1) because of (53) and (55). For the first term, we know that

E, [\/; (6. n-6) V(8,0 - 05)'] —H;'BH;' +0(1) = C, +0()

by Li et al. (2024). Hence,

E, [\/Z (@,(y) - 0’;) N <§n(y) - 95)’] =H,'B,H;' +0(1)=C,+0(]).

It can be shown that
Ty = tr { (-H,) CYC; " E, [\/Z §n(y) - og) Vn <5n(y) - eg)/] c;l/zc}qﬂ} +o(1)

C1/2C 1/2C om 1/2C1/2}+o(1)

Il
-
-

n
E

=

V

S
—

“H c”zc‘/z) +o(l)=tr ((-H,) C,) +0(1)
-H,) (-H,)7'B, (-H,)7) + o)
B, (-Hn)“) +o(l).

and

£ &, (<2105 (v.,18,0))] (68)
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= E, [EM (—21np (yreplé,, (y,g,,)))] +2tr (Bn (—Hn)_l) +o(l)
= Ey[E, (-2mp (v18,0) )] +2tr (B, (-1,) ") + oD

= [—2 Inp (y|§n(y)>] +2ur (B, (-H,) ) +o)

= Ey [—2 Inp (ylan(y)ﬂ +2P+0(1).

The last step is due to Assumption 9.
Note that

Py =D -D(6,)
= -2 [ [np310) - np (318,0) ] p 61y 0.
By the Taylor expansion
Inp(¥16) —Inp (¥16,¥) )

0107 (¥,6p18 1))

el ) (5 )+ fo-5, ) S0 00)
n 2 n

(9—5n (y)),

00 0000’
where 5:# (y,0) lies between 6 and §n (y). Thus, we have
Py=-2 / [np16) =10 p (v10,(0) )] p@1y) d6 (69)
_ L np(ve, ve)
- —/ (0-8,®) —— = (0-0,®) peelv)ao
_ @ (v16, .0) _
= _/ \/;(e—on (y)) P T ﬁ(e—en (y))p(ely)d9~

From (69), we have

5 —iH#
)40 lnp(ylﬂn (yﬁ))

- 1
el = | [ Va(0-80) 1 ——0t

Vi (0-8,)p@ly)do

t
1
< ;EM,

t
|
< ;;M,

E( nllf/z(?)n <y>)‘|> 70)
(ell2m])) o)

by Assumption 5, where

v (6,0)= [ (6-8,0) (0-8,®)r0m a0,

It can be shown that

|/ Va(o-8,0) va(0-8,0) pemao

nv (5n (y)) H ,

and

1
n

t
2 M,
t=1

t
2 M,
t=1

: v (8,

_ Al 112
V(O,, (y))—(—%Hﬂ (9,,) ) <3 %Hﬂ <9n) C* + 5050
where
[ 2 2 1/2
o < a(y") (,]72:;1 M,(y’)) <(Zf=1 |’1ﬂ;*,j‘) +Z}D=1 ii—,;*,)
oo 2 (L M) (B0 g ]) + M2
_eom| (A2 M,(y’))2 (P2 xp (F)*+ Pxp (ﬁ;*)z)]l/2
T L (R men) (P () + M
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) s 1/2
_ [(‘ T0L M) (P2 + P) xp (B) +2 (3 L, M) (Pxp (HZ*))]

n 2
+M;

1/2
2 s _
< GO (LT M) (PP xR+ 2 (4 i M ) x P x|
n +M;

by Theorem 4.1, Proposition 6.2 in Huggins et al. (2018) and Lemma A.1 with H** = H,, (@n) By Assumptions 5 and 6, we have

E (C**Z) =0 (n_z) < oo, E (C**4) =0 (n_4) < 0.

Thus,
(-t
: n2E[ [3 ‘ ", (§n>_l 1/2 Cc™ + 5,250*] 2]
< n? [E <[9 H, (5,1)*1 H C**Z] ) 1/2 . (E [5.252 ||c**||2] )1/2] 2

Hence, we can further get

nV <§n (y)>”2> 71)

(
E (_nv (B,0)- (-1 (2) ")+ (-7 (5)")
| )

z>>‘/2+<E<H<—ﬁn (@)") 2)”

E(Pp) =P+o(l) (72)

E

IA

IA

(o

< ©0.

v (6,) - (—ﬁn (ﬁn)_'>

From (70) and (71), we have

by the dominated convergence theorem and Pp, = P + 0,(1) following Lemma 2.3.
Finally, by (68), the fact that P, = P + 0,(1), and (72), we have

EyEy,, [—2 Inp (yrep|§n(y)>] =E, [—2 Inp (y|§n) + 2P] +o(1)

= E,[D(8,) +2Pp +0,(D] = Ey [DIC+0,(1)] = E, [DIC] + o).

Lemma A.1 (Asymptotic Laplace Approximation Error). Let the Laplace approximation of the posterior distribution be

e = o2t (<t (8,)) "o (<1 (0-8,) (-8, (B,)) (0-8)).

The, under Assumptions 1-10, the p-Wasserstein distance (p = 2) between I1, Laplace @nd the posterior density p (0ly,) is bounded as

a(y") (M2L +2MoM Ly + M3)

Wp (ﬁLaplace P (elyn)) < n ’

where L, = Y7

1/2
=1 (@n) o+ L%) B {Aﬂ,,(é,,),j} are the eigenvalues of H, (@,, ), M, M, are two finite

o

and L, = <2 S A

j’ﬂn (gn)vj H,

constants.

Proof. Let b(0) = VInp(6ly,) and brapjace (6) = nH, (5,,) (9 - @,,). By the Taylor expansion, the ith component of 5(6) can be
rewritten as

Bi(6) = Vinp(0Oly,), +V (vmp (?),,|y,,)i)' (9 - ?),,)
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+R(VInp(6ly,),.0)

= Vx (@) +V<V1np(9 |y)),(9-§,,)
+R(Vinp(0ly,),.0)
= va(8,) +v(v=(8,), ) (0-2.)

+V<Vlnp(yﬂ|9> ,< ) +R( Vlnp(GIy) 0),

where

R($.6) = (9—?)”)/ {/1(1 ~ V2 (?9" +z(9—?),,))dr} (e—én).
0

Note that Vz; and V (Vz;) are both continuous functions on a compact set by Assumptions 1 and 10. Thus, there exits a finite upper
bound M, for Vx <§n) +V (Vﬂ (5,,)) (9 - @,,). Hence,
1 1

“b(@) bLaplace (9)”2

Z( (Vinp(6ly,),.0) + V= (9, ) + (vn(a),)(a—én))2

i=1

,
< Y (R(Vinp(6ly,),.0) + My)*
i=1

~

P
ZR Vinp (6ly,) ) +2MOZR (Vinp(6ly,),.0) + M;
i=1

i=1
< sup 2”9 GH

S 3 v2 (vm,;(e +1(0-8,) v, ) )

v2 (Vlnp(e +t(9—9n) Iyn>i)|'

2

+Motes%pl]z HO 0 ”

+ M}

< n?M?

by Assumptions 5 and 6. Following Huggins et al. (2018), the condition

{/{|0—@n1|2”p(9|yn)d9}l/ps % (p=12)

is satisfied under Assumptions 1-10. Thus, we have

) 1/2
a(y") ( J 5 ~ brapiace @ 0 (013, d9>

n

WZ (ﬁLaplace P (Hlyn)) <

a(y") (M2L3 +2MoM Ly + M7)
<

1/2

n
by Theorem 4.1, Theorem 5.2 and Proposition 6.2 in Huggins et al. (2018). [ ]

A.2. Expressions for B, , Bt21 Bt21 B, 5. B,

For B, ;, we have

5o = -3 [8, (8,) " 770 (6,)] - v (3,) B, (3,) " 2
+Luec <H (a")_l>'ﬁg> (6.)1,(2,) " V1, (5,). 5
For Bl , we have
5l "
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t [H,1 (6,,)_] %’%1, (@,,)]

o (12 (0) [ 3)” @0 (8,)” @8 (2,)” e (82 (21))
[, (6,)" i, (a,)]

+ e (B, (2)") B9 (0,)8, (3,) B (5,)
vee (1, (0,) " i, (8,),(3,) ")

2= e (1, (0,)7) 80 (8,1, (3,) " L (3,) 79)
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B2 = et as]r R, (8,) 521, (5,)| 76)
o] [(m(2) v ()8 (8) ) @ oee (1, (2,) ) | (2,) ]
+%A1 x tr [H ((3,,) v, (8,)| + i@ xtr A, (8 )_l V2, (@n)]

1 4 -1

AR (@, } .
Ly [vzz, (3,)m, (a,,)‘]] e (B, (?o,,)_l>/ﬁ§f (0.)m, (6, 22
~fuee (8, (0,)" v, (3,) B, (5,)) B0 (8, (3,) " 2
+ Suee (8, (5,) v (o)1, (6,)" 22
Lo [H (8,)" v, (@, ]tr [H (@) szp]
. (5)
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For B,, we have

NS B v N A N N B /)
B4=—%tr [H,,(G,,) A +%Uec(H,,<0n> >H§f>(en)Hn(9n) 2P
P )
1 1 1
- §Al EA:,\ + gtr [Az] N (77)
where

]
-
=
—
<
Q
o
/~
==t
=
—
>
B
|
<
)
a
~— —~
1
B
—~
>
B
|
~—
PN
£
[

Appendix B. Supplementary data
Supplementary material related to this article can be found online at https://doi.org/10.1016/j.jeconom.2025.105978.
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